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0.1 Introduction

Let L = 7Z + Z7 be a lattice in C and consider the Siegel function
1 1

g(z,7) = e%z”(z)a(z)A(T) 2z, zeC,reH"

where 7(2) is the quasi-period map, o is the Weirstrass sigma function, and Ale(T) is
the square of the Dedekind-eta function. Explicitly, it is given by a product expansion

ga(7) = —q/2)B2lon) 2mias(a=1)/2(7 _ H(l —¢"¢.)(1—q"/q.)
n=1

where ¢, = €*™™ and ¢, = €*™*, z = a; + ao7, a1, a3 € C, By(X) = X? — X + ¢ is the
second Bernoulli polynomial.
If we let

¢(z) = —loglg(z,7)]

then ¢(z) : C/(Z + Z7) \ {0} — R does not depend on the choice of 7. It is a function
on the torus, "transcendental”, and smooth everywhere except at 0. The function ¢ has
several properties:

e Distribution relation. For any n > 2 and z # 0,

> dw) =¢(2)

weC/(Z+ZT) nw=z

e Kronecker second limit formula. Consider the Eisenstein series

s

— 2mi(mu+nv) y—
Euo(T,s) = Z € |mT 4+ n|?
(m,n)#(0,0)

where 7 = x + iy is in the upper half plane and u, v are not both integer. This
series converges absolutely for Re(s) > 1, and can be continued analytically to an
entire function of s. Its value at s = 1 is given by

Eu,v(Ta 1) = —27log |g—v,u(7_)|
where g,,(7) is the Siegel function.

e Giving rise to elliptic units. Let K be an imaginary quadratic field and O its
ring of integers. Let f = (V) C Ok be a nontrivial ideal and CI(f) = I(f)/Pk1(f)
be its ray class group. By class field theory, there exists a unique abelian extension
K; of K, called the ray class field modulo a conductor §, with

o: Cl(f) = Gal(K;/K)

3



where ¢ is the Artin reciprocity map. For any C' € CI(f), take ¢ € C' a representa-
tive integral ideal. Then fc—! C K is a lattice in C. The Siegel-Ramachandra
invariant is defined as

gi(C) = ¢V (1.f¢7h)
Siegel and Ramachandra proved that the value g;(C) depends only on the class
C € CI(f) and is contained in Kj. Moreover, if N has at least two prime factors,
then g;(C) € Of,. Thus one can construct units in the ray class fields of imagi-
nary quadratic fields using N- torsion points of certain elliptic curves using Siegel
functions. In particular, on those elliptic curves,

the term e!2NVe(2)

is an algebraic unit.

Naturally, one asks for an analogue of the function ¢ in higher dimensions, and hopes
to construct algebraic units from its values at certain torsion points of abelian varieties.
An interpretation to these questions is given in the article On a canonical class of Green
currents for the unit sections of abelian schemes by Vincent Maillot and Damian Rossler.
In particular, they consider an abelian scheme A of relative dimension g over S. Using
Arakelov theory, they are able to construct a canonical class of real currents g4 of type
(9—1,9—1) on the complex dual abelian scheme AY(C). When g = 1 and S = Spec(Ok),
this class of currents restricts to functions ¢, on the torus FE,(C) for each embedding
o0: K — C, and is equal to 2 x the (Siegel) function ¢(z). Moreover, they showed that
the class of currents g4 satisfies several properties:

e For any n > 2, [n].ga = ga. This property is a generalization of the distribution
relation of the function ¢ that we have seen.

e When restricted to the complement of the zero section, the class of currents gu
can be given by the (¢ — 1) part of the Bismut-Kohler analytic torsion form of the
Poincaré bundle along the fibration A(C) xg(c) (AY(C)\ Sy (C)) — AY(C)\ Sy (C),
where S is the image of the zero section of AY/S. When g = 1, the function ¢, is
given by the Ray-Singer analytic torsions of flat line bundles on the torus F,(C).
By an explicit calculation of Ray and Singer [21], this function is exactly %x the
Eisenstein series in the Kronecker’s second limit formula.

e After multiplying with some integer number, the pull-back of the Bismut-Kohler
analytic torsion form of the Poincaré bundle along a non-trivial torsion section
is contained in the image of the Beilinson regulator map from Quillen’s algebraic
K, group of S. When S = Spec(Ok), K;(Spec(Ok)) = O}, and the Beilinson
regulator map becomes the Dirichlet’s regulator map, given by logarithm functions.
This gives a link to the construction of algebraic units using Siegel functions. In
particular, the property implies that when g = 1 the number e?*#*(%) is an algebraic
unit.



In this mémoire, I will give a quick presentation of higher dimensional Arakelov geometry
developed in [13, 14, 15, 25, 5, 4, 12, 22] and a generalization of the Siegel function
given by Vincent Maillot and Damian Rossler. We begin with an introduction to Gillet
and Soulé’s arithmetic intersection theory and their theory of characteristic classes for
hermitian vector bundles with values in arithmetic Chow groups. Next, we recall the
arithmetic Riemann Roch theorem, and its variant for the Adams operations developed
by Gillet, Bismut, Soulé and Rossler. They will form the first chapter of this mémoire.

Chapter two is an application of Arakelov theory to abelian schemes, following closely
V. Maillot and D. Réssler’s paper. We show that there exists a unique class (up to 0
and 5) of currents on the complex points of dual abelian schemes, characterized by three
axioms. This class of currents plays the role of the higher Siegel function. In addition,
we prove an analogue in Arakelov geometry of a Chern class formula of Bloch and
Beauville, in which this class of currents appears. Next, we use the arithmetic Riemann-
Roch theorem to show that when restricted to the complement of the zero section, this
class of currents can be given by the (¢ — 1) part of the Bismut-Kohler analytic torsion
form of the Poincaré bundle along the complement of the zero section. This gives a
generalization in higher dimensions of the Kronecker second limit formula. Finally, we
apply the Adams-Riemann-Roch theorem to show that when pulling back by a torsion
section, the Bismut-Kohler analytic torsion form has a realization in Quillen’s algebraic
K, group of the base. This is a generalization of the property of giving rise to elliptic
units. We end the mémoire with an interpretation in the case of dimension one. For
further properties of this class of currents, we refer to the original article.

0.2 Acknowledgement

I thank my advisor Vincent Maillot for suggesting me the topics, and accepting me to
be his student. He gave me many good explanations on the content of this mémoire. I
thank my parents and friends who always love and support me. I thank the ALGANT
program for giving me a chance to study in Europe, and professors in Padova and Orsay
for their kindness, and inspiration. I thank professor Edward Schwartz in my undergrad-
uate school for always helping me, and my piano and Alexander technique teachers for
interesting aspects of life.



Chapter 1

A quick tour of Arakelov theory in

higher dimensions

In [13], Gillet and Soulé developed an arithmetic intersection theory for arithmetic va-
rieties, generalizing in higher dimensions the works of Arakelov, Faltings, Szpiro and
Deligne [1, 9, 10, 8] for arithmetic surfaces. They consider arithmetic varieties X, which
are regular schemes, quasi-projective and flat over arithmetic rings R (for example R = Z,
or R = Ogk), together with complex manifolds X(C) = [[ X,(C) for ¢ € >, a finite,
linear conjugation-invariant set of embeddings of R into C. An arithmetic cycle is defined
to be a pair (Z,g) where Z is an algebraic cycle, and g is a real, conjugation-invariant
current on X (C) satisfying the equation

ddcg -+ (Sz((c) = [w],

for w a smooth form. The equivalent classes of arithmetic cycles form the arithmetic
Chow groups, which have a product structure and functoriality properties. This parallels
the development in the algebraic side of classical Chow groups of varieties over fields
although the arithmetic theory is more complicated due to the analysis involved and the
intersection theory is done on schemes over R.

In their following works [14, 15], Gillet and Soulé developped an arithmetic theory of
characteristic classes for Hermitian vector bundles, which are pairs (E, h) of an algebraic
vector bundle E and a smooth conjugation-invariant hermitian metric A on the holo-
morphic bundle E¢, with values in the arithmetic Chow rings. To each arithmetic cycle
(Z,g), there are forgetful maps to Z in classical Chow groups, and to w = dd°g+dz(c), a
form in cohomology class, which is the Poincaré dual of Z. Under those forgetful maps,
their arithmetic characteristic classes for hermitian vector bundles become those with
values in classical Chow groups, and of Chern-Weil theory with values are closed forms.
In general, their arithmetic characters are not additive for exact sequences of hermitian



vector bundles. The difference is given by secondary Bott-Chern classes [3, 7] which
refine Chern-Weil theory at the level of forms.

We recall in the classical situation, if ¢ : X — Y is a morphism of non-singular
varieties, then the Chern character commutes with the pull-back ¢* of vector bundles.
If ¢ is proper, we can define the direct image map g, of a vector bundle, framing in the
language of Grothendieck groups. However, the Chern character does not commute with
g« and it is described by the Grothendieck-Riemann-Roch theorem. The theorem says
that the diagram

KO (X) Td(Tg).ch CH* (X)@
Ko(Y) ch CH*(Y)q

is commutative: ch(g.F) = f.(ch(F)Td(Tg)), where Tg = Tx — g*Ty is the virtual
relative tangent bundle, and F' is a vector bundle. In [16], Gillet and Soulé proved an
analogue of the Grothendieck-Riemann-Roch theorem for arithmetic varieties. Let F'
be a vector bundle on X, and A(F') = det Rg.(F') be the (algebraic) determinant of
cohomology line bundle. Its holomorphic bundle A(F)¢ can be endowed with a smooth
hermitian metric h, called Quillen metric [3]. The arithmetic Riemann-Roch theorem of
Gillet, Soulé and Bismut gives a comparison between ¢;(det Rg.(F,h)) and component
(1) of g.(ch(F,h)). In [12], using the higher analytic torsion forms of Bismut-Kéhler [3]
to define the push-forward of arithmetic K-groups, Gillet, Rossler, and Soulé proved a
more general arithmetic Riemann-Roch theorem, stating that the diagram

f(\o(X) Td(Tg).(1 — R(T'gc))-ch C/yﬁ—. (X)Q
g*J/ J/g*
Ko(Y) “ CH (V)

is commutative, where objects with ~ are arithmetic generalization, including also differ-
ential information as we have seen for the arithmetic Chow groups. The arithmetic push-
forward maps g. : C/']TI.(Y)Q — @.(B)@ and g, : IA(O(Y) — IA(O(B) involve analysis on
the analytic side, integral of currents along the fibres in the first case, and Bismut-Kohler
analytic torsion forms in the second case. The exotic cohomology class R(Tgc) is added
to make the diagram commutes. This diagram fits in a three-dimensional commutative



diagram:

Td(Tg).ch
Ko(Y) 2o CH(Y)q
.. Ry(y) —TATOUSRTN | Fpyy
e
g -
Ko(B) ——-ho b » CH(B)g g
Ko(B) ch CH(B)q

where various forgetful arrows — are surjective and the diagram behind is the Grothendieck-
Riemann-Roch theorem. We will recall the general arithmetic Riemann-Roch theorem,
and finish this chapter by mentioning an arithmetic version of Riemann-Roch theorem for
Adams operations [22]. Similar to the arithmetic Riemann-Roch theorem, it measures
the commutativity of the Adams operations and the push-forward map of arithmetic
K-groups.

1.1 Arithmetic intersection theory

The main references for this section are [6, 13, 25, 24].

1.1.1 Currents on complex manifolds

Let X be a smooth quasi-projective complex manifold. Let DP?(X) and AP9(X) be
spaces of currents and smooth differential forms of type (p, q). By definition, when X is
of dimension d, a current of type (p, q) is a linear map

S ATPAma(X) — C
which is continuous for the Schwartz topology.

Example 1.1. Let Y C X be an analytic cycle of co-dimension p. We can define a current

of integration associated to Y in DP?(X), denoted by dy, by integration on the smooth

part of Y :
Sy (w) = / w.
Y\Ysing



By Hinoranka’s works on the resolution of singularities, we can find a proper morphism
7 :Y — Y which is an isomorphism on an open dense subset, and Y is a projective

manifold. Then dy is equal to an integral on the compact manifold Y

hence converges.

Ezample 1.2. There is an inclusion AP4(X) C DP4(X), where we consider a form w €
AP(X) as a current in DP(X) by sending n € AT % 4(X) to [, wAn. We denote this
current by [w].

Ezxample 1.3. More generally, let U C X be a dense open set, and w a smooth form on
U such that w extends to an L'- form on X. Then it defines a current [w] € DP?(X) by

the formula

[w](n)Z/UwAn

1.1.2 Green currents associated to analytic cycles

Similar to forms, we can define the 9 and 0 operators on currents. Let S € DP?(X),
then its derivatives 98 € DPT14(X) and S € DP91(X) are defined by

9S(n) = (=1)P***1S(an)

and
55(7]) — (_1)p+q+15(5n)
Denote d = 9 4+ 0 and d¢ = (0 — 5)/(47ri), so dd¢ = 99

2w

Definition 1. Let Z be a cycle of codimension p on X. A Green current for Z is a
current g € DP~1P71(X) such that:

ddcg + 52 = [w]

for some smooth form w € APP(X) C DPP(X).



Theorem 1.4. Let X be a compact Kdhler manifold, and Z a cycle of codimension p.
1) There always exists a Green current gz for Z. Moreover, gz can be taken to be real.

2) If g1, g2 are two Green currents for Z, then
91— g2 = [n] + 051 + 95,

with n € AP~1P~1(X), S, € DP~2P~1(X) S, € DP71P72(X).

3) The current gz can be chosen to be of logarithmic type along Z. It means that gz is
of the form [gy]| for gy a smooth form on'Y = X \ Z, such that gy can be extended to an
integrable form on X and grows slowly (logarithmic) along Z. In this case, gy is called

a Green form for the cycle Z.

Ezrample 1.5. In the case p = 1, there exists a holomorphic line bundle L, and a section s
of L on some dense open set of X such that Z = div(s). Choose a C*° Hermitian metric

on L. Then the Poincaré - Lelong formula gives
dd’[—log ||s||*] + 67 = cr(L, ||-]])

where [—log|[s|[?] € D*°(X) is the current associated to the real-valued L' function
—log||s||? and ¢; (L, ||.]|) is the first Chern class of L. By the definition, [—log||s||?] is
a Green current for Z = div(s). One can show that all Green currents associated to
codimension-1 cycles are obtained in this way. They are also examples of Green forms
of logarithmic type.

Remark 1.6. The notion of Green forms of logarithmic type is important when we define
the pull-back and product of currents. In particular, given two cycles Y and Z meeting
properly, and gy and gz their corresponding currents, we would like to have a Green
current for the intersection of Y and Z. Heuristically, we can define gy x gz = gy Adz +
wy A gz and show that dd®(gy *xgz) = —dynz +wy Awz. However, we need to justify the
definition of gy A 07 and we can do that when the current gy is given by a Green form
of logarithmic type. The pull-back of currents compatible with cycles is defined through
the pull-back of Green forms.

1.1.3 Arithmetic rings

We will study varieties over arithmetic rings, which are generalizations of the ring of
integers.

10



Definition 2. An arithmetic ring is a triple (A, >, Fi,) consisting of an excellent regular
Noetherian integral domain A, and a finite non-empty set > of embeddings o : A — C,
and a conjugate-linear involution of C-algebras, F,, : C= — CX, such that the diagram

A2 CE

b

A— X

is commutative. Here 0 = (0 : A = C)sey.

Ezample 1.7. Let A = Og be the ring of integers, and > be the set of all embeddings

of K into C. We have a commutative diagram:

lc@[d lFoo

Coz A CX

where ¢(z) = Z and &' = {Id ® 0}sex>. We remark that [Ogx : Z] = [K : Q] =
# of field embeddings of K — C, and ¢’ is an isomorphism. We can take F,, to be the
involution induced by ¢ ® Id.

Example 1.8. Let A = C. We have a commutative diagram

CopAd—25CxC

lc@[d lFN

Co,A—2Y5CxC

where 0" : 2 ® w — (2w, zw) is an isomorphism. The embedding of A — C x C is given
by the composition A - C®r A - CxC:a — 1®a — (a,a). We can take ) to
be {Id,c} where ¢ is the complex conjugation, and F, is the involution induced from

c® Id. The map Fs, sends (zw, 2w0) — (Zw, Zw), and in particular, Fy(a,b) = (b, @).

11



1.1.4 Arithmetic Chow groups and arithmetic cycles
Let (A,>, F) be an arithmetic ring, and F its fraction field.

Definition 3. An arithmetic variety X is a regular scheme, quasi-projective and flat
over A, with smooth generic fibre Xp.

Let X be an arithmetic variety. Because X is quasi-projective and X is smooth,
X(C) = ®oex X ®, C = X ®a CX is a quasi-projective complex manifold. Let F. :
X(C) — X(C) be the complex conjugation induced from F,, : C= — C%=. We denote

DPP(Xg) C DPP(X(C)) (resp. APP(Xg) C APP(X(C))) the sub-spaces of real currents
(resp. forms) T" such that FLT = (—1)?T. We define

DP?(Xg) = DP?(Xg)/(imd + im0)

(resp.
APP(Xg) = APP(Xg) /(im0 + imd) ).
Definition 4. Let Z be an algebraic cycle of codimension p on X. A Green current

for Z is a Green current gz for the associated cycle Z(C) on X (C) such that g lies in
Dpil’pil(XR).

Remark 1.9. From our discussion of currents on complex manifolds, there always exists

a current associated to a cycle Z.

Definition 5. An arithmetic cycle is a pair (Z, g) where Z is an algebraic cycle on X,

and g is a Green current for 7.

Ezample 1.10. The pairs (0, u+0v) where u € DP~>P~1(X(C)) and v € DP~1P=2(X(C)),
and Ou + Ov € DP~1P~1(Xy) are arithmetic cycles.

Ezxample 1.11. Let X®=Y be the set of points of co-dimension p — 1 on X. If z €
X®=1 then Y = {z} is a closed irreducible sub-scheme of X of co-dimension p — 1.
For f € k(z)*, a rational function on Y different from 0, there is an arithmetic cycle
(div(f),[=log| f1?] dy(c)) where div(f) is the divisor of f (a cycle of co-dimension p on
X) and [—log|f[’] dy(c) € DP~'*~!(Xg) is a current that maps w to — [y ¢, (log| f[*)w.

The integral converges by resolution of singularities.

12



Definition 6. The p-th arithmetic Chow group C/’ﬁp(X ) is the group generated by
arithmetic cycles of co-dimension p, modulo the subgroup defined by the cycles we just
defined.

{(Z,9), codim(Z) = p}

CH ) = 10, 0ux90), (div(F). =logl 7] dvie ] € Xo-1}

Ezample 1.12. Let L = (L, h) be an Hermitian line bundle on X, i.e. L is an algebraic
line bundle on X, and h is a C"*° Hermitian metric on the corresponding holomorphic line
bundle L¢ on X(C) that is invariant by complex conjugation: FZ (h) = h. Choose a ra-
tional section s of X (defined on a dense open set of X). Then the pair (div s, [—log]|s||?])
is an arithmetic cycle of co-dimension one. Its class ¢;(L, ||.||) € CH 1(X ) is independent
of the choice of the section s. It is called the first Chern class of L = (L,h). One can
show that any element of CH 1(X ) is of this form. If we define f’z\c(X ) to be the group

of isomorphism classes of hermitian line bundles, with the group structure
(L,h).(L,h)=(L® L'h®h')
and |[s ® §'|| = ||s]].]|s'|| then
Proposition 1.13. The first Chern class ¢, induces a group isomorphism
& Pie(X) = CH (X)

1.1.5 Fundamental exact sequences

We define . .,
CH (X)=o,CH (X)

ZPP(Xg) = ker(d : APP(Xg) — APTHX(C))) C APP(XER)
HP?(Xg) = {c € H""(X(C)) : c real , Frc = (—1)Pc} C APP(XR)

Proposition 1.14. We have the following exact sequences of abelian groups:
CHPP ' (X) & HP 771 (Xg) & CH (X) &% CHP(X) @ ZPP(Xg) < HPP(Xg) — 0

CH" ' (X) & Ar—7Y(Xg) & CH (X) 5 CHP(X) = 0

13



CHPP~Y(X) is a motivic cohomology group, appearing in Quillen’s spectral sequence. If
X 1s Noetherian,

~ {fy € @yeX(P—l)k(y)* : Zy div(fy) = 0}
- A{di({u}) : ({u}) € @.cxo-2 Ka(k(2))}

The term Ky(k(z)) is Quillen’s algebraic Ky-group. The map dy : @,c xw-2Ka(k(2)) —

CHP"(X)

Dyexe-0k(y)* is given by the tame symbol.
The morphisms in the theorem are defined as follows:
e An element of C HPP~1(X) is represented by (f,),, (f, € k(y)*,y € X®~V) such
that >° div(f,) = 0. The current > —[log|f,|?] € DP~'?~1(Xp) satisfies

dd*()_ —llog |f,[*]) = —05, ain(y) =0

Y

hence defines an element in HP~'»~1(Xg), and also in AP~2»=1(Xg), which we
denote p((fy)y)-

Let cl(n) denote the class of n € AP~1#~1(Xg). We define

a: AP (X)) = CH' (X)

cl(n) = [(0, [1])]

¢:CH'(X) — CHP(X)
[(Z,92)] = [Z]

w: C/'EP(X) — kerd N kerd(C ZPP(XR))
[(27 gZ)] — Wz
where dd°gy; + 07 = [wz].

The map cl: CHP(X) @ ZPP(Xg) — HPP(Xg) is given by
cd([Z],w) = cl(Z) — cl(w)

where cl(Z) is the class of Z in HPP(Xg) and cl(w) is the image of w via the
projection ZPP(Xg) — HPP(Xg) sending a closed form to its cohomology class.

14



Remark 1.15. By definition,

a(n)z = a(n.w(z))
for any z € CH'(X) and n € AP~17=1(Xy).
Remark 1.16. In the exact sequence

p

CH" ' (X) & A=Y (Xg) % CH'(X) 5 CHP(X) — 0

the map p is the composition of the following:
CHP 1 (X) 25 HZ7Y (Xe, R(p)) 222 H2-1(Xe, R(p)) < AP (Xz)

where cyc is the cycle class map and forgetful is the forgetful map from real Deligne
Beilinson cohomology to real analytic Deligne cohomology. For the definition of real

Deligne Beilinson cohomology and analytic Deligne cohomology, see [19, 11].

Example 1.17. Consider the exact sequence
CHPP L (X) L Ar 1Y Xp) % CH (X) S CHP(X) = 0

When p = 1, CHYY(X) = O(X)* and A%0(Xp) = A%(Xp) = C®(X(C),R)"™, the
space of real C* functions invariant under complex conjugation. The sequence becomes

o(x) 8L Deoer ooy (o), RY> & CH (X) S CHY(X) = 0

Moreover, if X = Spec(A) and A = Op, where F'is a number field, the sequence becomes

710g| ‘3)0’62 (
-

1= u(F) — 4* ToesR) % CH (X) 5 CUOF) — 0

where p(F') is the group of roots of unity in F'.

1.1.6 Functoriality and multiplicative structures

Let A= (A, , Fx) be an arithmetic ring, and F' the fraction field of A.

Theorem 1.18. 1) Let f : X — Y be a morphism of arithmetic varieties over A , and
suppose that f induces a smooth map Xrp — Yr between generic fibres of X and Y, and

that f is flat. Then it determines a pull-back morphism of abelian groups
F . CH (V)= CH (X)

15



2) Given two flat maps f : X — Y and g : Y — Z inducing smooth maps between
generic fibers, then f*g* = (gf)*.
3) The pull-back morphism is compatible with C HPP~Y CHP, ..., and with the fundamen-
tal exact sequences.

We give a construction of the map f*: If Z = > n;[Z;] € ZP(Y), then f*[Z] =
S"ny[f~'Z;] is a co-dimension p cycle on X. Since f : Xp — Y is smooth, fc : X¢ — Y¢
is a submersion. For any current 7' € DP9(Yg), we can define fET(¢) = T'(fc.¢), where

¢ is a compactly supported form on X¢. The map fe. : AP9(X¢) — AP~34=94(Ye) is
integration over the fibre.

Proposition 1.19. Suppose X and Y are equidimensional.

1) If f: X — Y is a proper morphism, of relative dimension d = dim(X) — dim(Y"),
such that f induces a submersion fc : X(C) — Y(C), then it determines a push-forward
morphism of abelian groups f, : ﬁl*(X) — ﬁ[*_d(Y).

2) Given two maps f: X =Y and g:Y — Z, then g.f. = (9f)«-

3) The push-forward morphism is compatible with a,(,w.

4) The projection formula holds:

folz f7(y)) = ful@)y

We construct the map f. by: fu((Z,02)) = (F(Z), fulg2)), where fu(gz)(w) =
gz(f*(w)). To define f.(Z), by linearity, we can assume that Z is an irreducible subset
of X. Let f(Z) be its image. If f(Z) has the same dimension as Z, define f,(Z) =n.Z,
where n is the degree of the extension of fields k(Z) over k(f(Z)). If f(Z) has a dimension
less than dim(Z), define f.(Z) = 0.

Proposition 1.20. There exists an associative commutative graded bilinear pairing

CH (X)x CH'(X)— CH "(X)®2Q

that is compatible with ¢ and the multiplicative structure on CH®*(X)q defined by in-
tersection of classes of algebraic cycles, and compatible with w and multiplication of

differential forms. It is also compatible with inverse image, i.e. f*(xy) = f*(x)f*(y).

The difficulty when defining the product of arithmetic cycles is that there is no-
known version of Chow’s moving lemma for varieties over Z. To define the product of
two algebraic cycles, Gillet and Soulé used an isomorphism

CHP(X)g = Ko(X)®
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where Ky(X)® C Ky(X) is a subspace where each Adams operation ¢* k > 1 acts
by multiplication by k?. The pairing between Ky(X)® and Ky(X)@ is given by tensor
product of Ox- modules. Another difficulty is to define a product of currents associated to
an intersection of two algebraic cycles. This can be done using Green forms of logarithmic
type as mentioned before.

1.2 Arithmetic characteristic classes for Hermitian

vector bundles

The main references for this sections are [14, 15].

1.2.1 Secondary Bott Chern classes

Let X be a complex manifold and E = (E,h) a holomorphic vector bundle of rank
n on X, endowed with a hermitian metric A. For any symmetric formal series ¢ €
Q[[Ty, T3, ..., T,)]] and k > 0, let () be the homogeneous component of ¢ of degree k. We
identify ¢®with ¢(* : M, (C) — C, the unique polynomial map which is invariant under
conjugation by GL,(C), and such that its value on a diagonal matrix diag(\, ..., \,),
\i € Cis equal to ¢ (A, ..., \,). By Chern-Weil theory, we can associate to ¢ and E
a sum of d and d° closed forms ¢(E) = ¢(—K/(2mi)) in @,>0APP(X), where K is the
curvature of a (Chern) connection on E. We recall that a curvature is a 2-form with
value in End(E) and we can identify End(E) with M, (C) locally, and use ¢ to evaluate
K. The evaluation makes sense because ¢ is invariant by conjugation. The form ¢(E)
satisfies:

e The de Rham cohomology class of ¢(E) is independent of the metric h.
o *¢(E) = ¢(f*E) for every holomorphic map f:Y — X.
° S(E®F)=09(E)+o(F).

The Chern and Todd classes are defined using the series

ch(Ty, Ty, .., T,) = Zemp(Ti)
i=1

n

Td(Ty, Ty, ... T,) = | [(T:/(1 = exp(=T)))

i=1
The cohomology class of ¢(E) is independent of the choice of a hermitian metric on

E, but not at the level of forms. This idea is made precisely by the existence of secondary
characteristic classes.
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Theorem 1.21. Let ¢ € Q[[T1, Ty, ..., T,]] be a symmetric formal series, and & a short

exact sequence of Hermitian vector bundles over a complex manifold X :
£ 085 FELQ -0

with rank E = n. Then there is a unique way to attach to & a class of forms 5(5) €
A(X) = Bp>0APP(X) /(im0 + imd) such that:

i) dd°6(€) = $(S & Q) — ¢(E).

ii) ¢(€) commutes with pull-back: for all morphisms f:Y — X of complex manifolds,

ii) If € is of the form

where i(z) = 2 ® 0 and p(z & y) =y then (&) =

Remark 1.22. Because dd°(0 + 0) = 0, it makes sense to define secondary characteristic
classes in @,>0APP(X)/(imd + imd). We also remark that the secondary characteristic

classes can be defined for any long exact sequence of finite terms.

Definition 7. The secondary classes associated to the Chern character’s series is called

the secondary Bott-Chern classes.

Proposition 1.23. The Bott-Chern secondary classes satisfy

° c~h(gl ®Ey) = c%(gl) + &L(gg)

o ch(€, ® &) = ch(€,).ch(E,)
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o [f we have a symmetry:

0 0 0

0 E E Er 0

0 P F E 0

0 E Es EY 0
0 0 0

where all rows &; and all columns F; are exact (1,7 = 1,2,3), then
3

S (-1)ich(E) = > (~1Ych(T;)

i=1 j=1

1.2.2 Arithmetic characteristic classes

Let X be an arithmetic variety over an arithmetic ring (A, >, Fi.).

Definition 8. An hermitian vector bundle E = (E, h) on X is an algebraic vector bundle
E on X such that the induced holomorphic vector bundle E¢ on X (C) has an hermitian

metric h invariant under complex conjugation, i.e. F% (h) = h.

Theorem 1.24. For all Hermitian vector bundle E of rank n over an arithmetic variety
X, and for all symmetric series ¢ € Q|[[Ty, Ty, ..., T,]], we can associate a characteristic
class ¢(E) € C/’]TI.(X)Q satisfies the following conditions:

1) Functoriality. If f : Y — X is a morphism of arithmetic varieties, and E is a

Hermitian vector bundle over X then

P Np—

F(3(E)) = o(f(E))

2) Normalization. If E = L, ® Ly @ ....® L, is the orthogonal direct sum of Hermitian

line bundles then

(él(L_l)a é1([/2)7 ) él(L_n))

>

H(E) =
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3) Twist by a line bundle. Let ¢; € Q|[[T1,T5, ..., T,]] satisfy

O +T,.T,+T) = Z@-(Tl, . T)T

>0

If E (resp. L) is a Hermitian vector bundle (resp. line bundle), then
HEGL) = ng)% (E)éi (L)

4) Compatibility with characteristic forms. For all Hermitian vector bundles E

over X,
W(G(E)) = ¢(Ec) € @0 APP(X)

((J(E)) = ¢(E) € CH*(X)qg

5) Compatible with short exact sequences. For all short exact sequence

E:0-S—>E—-Q—0
of Hermitian vector bundles on X,
H(S®Q) - d(E) = a(4(€))
Moreover, properties 1),2),8),4) characterize this construction.

Theorem 1.25. Let E and F be Hermitian vector bundles over an arithmetic variety

X. Then

(E @ F)=¢E)F), ch(E @& F) = ch(E) + ch(F),
ch(E ® F) = ch(E)ch(F), Td(E & F) = Td(E).Td(F),

H(E)Y = &/(E) in CH (X)qg

For p > rank(E),¢,(E) = 0

1.3 Arthmetic Riemann-Roch theorem in higher de-

grees

The main references for this section are [21, 5, 12].
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1.3.1 Arithmetic K-groups
Let X be an arithmetic variety over an arithmetic ring (A, >, F..).
Definition 9. The arithmetic Grothendieck group Ko (X) associated to X is the abelian

group generated by Z(XR) = Gépzogp’p (Xr) and the isometry classes of hermitian vector

bundles on X, with the relations
ch(€)=E —E+E for every exact sequence & : 0 — E/ — E — E" — 0.
n=n+n", if n € A(X) is the sum of two elements i and 7".
Theorem 1.26. There is an exact sequence of abelian groups
Ki(X) % A(Xg) S Ko(X) D Ko(X) =0

where a(n) = [(0,1)] and B([E,n]) = [E] where n € A(Xg) and E is an hermitian vector
bundle. The group Ki(X) is Quillen algebraic K group, and H%%;J(XR,R(}?)) is real
Deligne cohomology group.The map p : Ki(X) — @ple%ﬁ;(XR,R(p)) C A(Xg) is

(—2)x the Beilinson regulator map.

Lemma 1.27. There is a unique ring homomorphism ch : Ko(X) — C/’FI.(X)@, com-

muting with pull-back maps, such that
e The formula c71(77) — (0,7) holds, if n € A(Xg).

e The formula c?z(f) = exp(ci(L)) holds, if L = (L,h") is a hermitian line bundle
on X.

e The formula w(ch(E)) = ch(E) holds for any hermitian vector bundle E on X.

1.3.2 Bismut-Kohler nalytic torsion forms

Ray-Singer holomorphic torsion

Let X be a compact complex manifold of dimension n, and w is a Kéhler form on X.
Let E = (E,h) be a hermitian vector bundle on X. The form w determines a hermitian
metric g on the holomorphic tangent vector bundle Tx and a volume form g on X,

characterized by

1 o 0
W= Z g(ﬁ_za’ a—zﬁ)dza Ndzg

a,f=1
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and

Consider the Dolbeault complex

o A%(X, E) 25 A0 (X B s

where AP4(X, F) is the vector space of smooth forms of type (p, ¢) with coefficients in
E, and 9 is the Cauchy-Riemann operator. For each ¢, we can define an L? metric on
AP9( X, E) by the formula

< 81, 89 >L2:/ < s1(x), s2(x) > p
X

where < s1(z), s2(x) > is the point-wise scalar product coming from the metric on E
and the metric on differential forms induced from w. The operator dg admits an adjoint
b :

Oy for this scalar product. For s; € A%(X, E), sy € A%T(X F)

—_ =~
< Op$1, S2 >12=< 51,0582 >2

Let Ayp = Opdp 4+ 0z0p be the Laplace operator on A%(X, E) and H%(X, E) =
KerA, g be the set of harmonic forms. Let A\ < Ay < A3 < .... be the eigenvalues of
A, g on the orthogonal complement to H*?(X, E) indexed in an increasing order and
taken into account multiplicities. They are positive. We can define the Dirichlet series

Cols) = Z An’

n>1

For A > 0, \™% = ﬁ JoT t7 e Mdt, hence

_ 1 > s—1 —Ant _ 1 > s—1 —tAgE _
Cy(s) = F(S>/0 t ;e dt = 1_‘(S>/0 = Tr(e P,)dt
where P, is the projection of A%¢(X, F) to the subspace H"(X, E). By studying the
asymptotic behavior of the function 6(¢f) = > ., e " when ¢t — 0 and ¢ — +oc using
heat kernel method ([25], page 98), one can show that when Re(s) > dimc X, (,(s)
converges absolutely, and has a meromorphic continuation to the whole complex plane
which is holomorphic at 0. The Ray-Singer holomorphic torsion is defined as

dime X

T(X,w,E) = Y (=1)*"¢¢;(0)

q>0
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Ray-Singer holomorphic torsion for flat line bundles on the torus

Let I' = Z + Z.7 be a lattice in C, X = C/T" be a torus, and x : I' = m(W) — S a
non-trivial unitary one dimensional representation of m;(X). We can identity y with an
element in the Picard variety Pic®(X) of X. If y is given by x(m7 + n) = ?mi(mutnv),
then the corresponding element in Pic’(X) is given by u — 7v. Moreover, in this case,
Co(s) = (1(s), hence

TR (W,u— 7o) = ('(0)

where ((s) = (y(s) is the zeta function for the Laplacian on the space A%(X, u — Tv)
of C'* sections of the flat line bundle associated to y. Explicitly in terms of u, v, 7, the
eigenvalues of A on A%°(X,u — 7v) are:

4 9
()2 lu+m —7(v+n)|

>\m,n = -

By explicit formula for the heat kernel, or by the Poisson summation formula relating
the theta functions of I" and its dual lattice, we have:

t’l“(e_tA) —0(t) = Z o~ Amat _ Z IZ”L tTe—|m7+n\2/(4t)627ri(mu+nv)
T

m,n m,n

This gives the asymptotic expansion tr(e™'2) ~ TTZ when ¢ — 0, hence the analytic

continuation of the zeta function. For Re(s) large, we can write

C(s) = ﬁ /OOO t5 (e dt = F(ls) /0 5 (e dt + F(ls) /100 M (e7 ) dt

1 Imrt ImTt i ! 2 1 o
— wi(mu+no) t5—2 —|m7+n| /(4t)dt / ts—lt —tA dt
T'(s) 4n(s — 1)+47rF(3)( %;(00)6 /0 ¢ T, rie™)

It defines a meromorphic function in the complex plane, which vanishes at s = 0. When
Re(s) < 0, we can plug in the expression for tr(e7'2) to the last integral to obtain:

C(S) _ Imt Z eQﬂ'i(mu-‘,—nv) /OO ts—26—\m7'+n|2/(4t) dt
" (mm£0,0) 0

_ Y F(l — S) 2mi(mu+nv) 4 1-s
B Z ‘ |mT + nP)
(m,n)#(0,0)

We assume v # 0 (mod 1). The case u # 0 (mod 1) is similar. Following Siegel [23],
by breaking the sum above over m = 0,n # 0 and m # 0, we can show that ((s) given
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by the last expression converges uniformly for Re(s) < 1/2. Thus, we can evaluate (’(s)

at 0 to get: A
eQm(mu—‘rm}) Y

1

! 0 — -

<) T Z |mT + n|?
(m,n)#(0,0)

where 7 = x+iy. By applying Kronecker’s second limit formula, ¢'(0) = %.(—2%) log |g—vu(T)] =

—2log |g—pu(7)| = —210g |Gy, —v(7)|. Thus

TRS<X, U — TU) = -2 log |gu,f’v(7-)|

Bismut-Kohler higher analytic torsion form

Let w : M — B be a holomorphic submersion of complex manifolds with compact fibre
Z. Let TM,TB be the holomorphic tangent bundles of M and B. Let TZ = TM/B be
the holomorphic tangent bundle to the fibre Z. Let g7 be a Hermitian metric on 7'Z.
Let TH M be a vector subbundle of TM such that

TM =TiM e TZ

Definition 10. The triple (7, g?%, TH M) defines a Kihler fibration if there exists a

smooth real (1,1)-form w over M, with the following properties:
e w is closed.
o THM and TrZ are orthogonal with respect to w.
e The form w induces a Kahler metric on TrZ, i.e. if X,Y € TrZ, then

w(X,Y) =< X, J"Y > 1z

JTZ

where is the complex structure on the real tangent bundle T Z.

Assume that we have a (1,1) form w on M inducing a Kéahler fibration.
Let ¢ be a holomorphic vector bundle on M. Let h¢ be a Hermitian metric on (. We
assume that the sheaves R¥m,(’s are locally free. For example, if Ri7,( = 0 for j > 1,
then m,( is locally free by the semi-continuity theorem. By Hodge theory, there are
isomorphisms between the fibres of R/w,( and the corresponding harmonic forms in the
relative Dolbeault complex °*(Z, (|z). The harmonic forms inherit the L, metric, coming
from ¢7Z and h¢. Hence the metrics ¢7Z and h¢ determine metrics h®'™< on the vector
bundles R/7,(’s. Consider

ch(Rm.C, W) = 3 " (=1) ch(Rim.¢, ™)

J=0
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and the secondary Bott-Chern class C71<R.7T*< , BTG pr RS TG ) which satisfies:
ddcgil<R.F*C, hROmC’ h/R.W*C) — Ch(R.ﬂ'*C, hRomg) . Ch(R.T('*C, h’R.W*C)

The Bismut-Kohler analytic torsion form T'(w, h%) € @pzoﬁp’p (Bg) satisfies the fol-
lowing conditions:

e [t solves the transgression formula:

dd°T (w, h*) = ch(R°7,(, hF™¢) — / Td(TZ,g")ch(C, hS).
Z

This equation makes precise the Grothendieck-Riemann Roch theorem for submer-
sion at the level of cohomology class.

e [ts component in degree 0 coincides with a function on B, which calculates the
Ray-Singer holomorphic torsions along the fibres.

e Modulo 0 and 9, T(w, h®) depends only on the metrics (g7%, hS).
o If (w', h'*) is another set of data similar to (w, h®) then
T(w', W) — T(w, h¢) = ch(R*m.¢, hF"™¢ p/EmC)—
[ TUTZ,G7 b 6. + TA(TZ g2 )ch( G )
z
modulo 9 and 0. Here T'd and ch are the Chern-Weil forms corresponding to the

Todd class and Chern class, and T'd and ch denote the secondary characteristic
forms. This equation is called the anomaly formula.

The last two conditions make the form T'(w, h®) natural in Arakelov theory. The con-
struction of T'(w, h®) was made in [5] by J.M.Bismut and K. Kéhler.

1.3.3 The push-forward map of arithmetic K-theory

Let g : Y — B be a projective, proper, flat morphism of arithmetic varieties, which is
smooth over Q. We shall define a direct image g. : K(Y) — K(B) which is a group
homomorphism. Since g is projective, any vector bundle £ on Y has a finite resolution
by g. acyclic vector bundles:

E:0—-FE,—>FE, 11— .. > FE—FEF—=0

Therefore, it is enough to define the direct image for an element (E,hf) +n € [A(O(Y)
where F is g, acyclic because in the general case, we can define g.((E, h¥)) as the sum
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of S2(=1)"g.((Ey, hE")) and the direct image of the ch class of the resolution &.
Let (E, h¥) be a hermitian vector bundle on X, where F is g, acyclic. The sheaf R°g,F
is then locally free. The holomorphic bundle R%g,E¢ has fibers

R°ge.(Ec)y = HO(Y (C)y, E(C)jy(c),)
For b € B(C), H(Y(C),, E(C)jy(c),) can be endowed with an L? hermitian metric

1 wh
<s,t>Lz::—/ hP (s, )=~
Y(Cy :

(2m)
where wy is the Kéhler form induced from hy and dj, is the dimension of Y (C),. It
can be shown that this metric depends on b in a smooth way, thus we have a hermitian
metric on (R%g,F)c, denoted by ¢,.hf, depending on gc, h¥, hy.

We write T'(hy, h¥) for the higher analytic torsion form determined by (E, h¥), gc and
hy. Tt is an element of A(Bg), which satisfies the equality

4d°T (hy . 1) = ch((ROg. E, g.h")) — / Td(Tge).ch(E)
Y (C)/B(C)

Theorem 1.28. There is a unique group morphism g, : [A(O(Y) — IA(O(B) such that

Gu((B,hP) + 1) = (RG.E, g.hP) — T(hy, hF) + / Td(Tgo)n
Y (C)/B(C)

1.3.4 Arithmetic Riemann-Roch theorem in higher degrees

In this section, we state the general arithmetic Riemann-Roch theorem proven in [12]. Let
g 1Y — B be a projective, proper, flat morphism of arithmetic varieties, which is smooth
over Q. We assume also that g is a local complete intersection morphism (l.c.i). Before
stating the arithmetic Riemann-Roch theorem, we define some characteristic classes.
When g is smooth, Tg is a vector bundle, and Tg and T'd(Tg) are well-defined elements

of Ko(Y) and CH .(Y). When g not necessarily smooth, we can still define ﬁ(T_g) as

an element of CH .(Y). Because g is assumed to be projective, it factors into a closed
immersion ¢ and a smooth morphism f : P = Pg — B. Moreover, since g is l.c.i, ¢ is a

regular closed immersion.
Y : P
g
f
B

Let N be the normal bundle of the immersion i. On Y (C), there is an exact sequence of
vector bundles:

N:0—=>Tge — "Tfc — Nc— 0
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Endow T fc with some (not necessarily Kéhler) hermitian metric extending the metric
on T'gc, and endow N¢ with the resulting quotient metric. We define

Td(Tg) = Td(g, hy) := Td(Tf).Td  (N) + TdNTd(Ne)™ € CH (Y)q

It is shown in [16] that the element ﬂl(T_g) depends only on g and on the restriction of
hy to Tg(c.

Definition 11. The R- genus is the unique additive characteristic class, defined for a

line bundle L by the formula

R = 3 Cm)+¢m)1+ g+t ()" /ml

2
m odd >1

where ( is the Riemann-zeta function.

Theorem 1.29. (Arithmetic Riemann-Roch theorem in higher degrees) Let y € Ko(Y).
The following equality holds in C/’FI.(B)Q

ch(g.(y)) = 9.(Td(Tg).(1 — a(R(Tgc))).ch(y))
In [3, 16], Bismut, Gillet and Soulé proved the equality after projection of both sides

on CH 1(B )o, relating the first arithmetic Chern class of the determinant of cohomology
line bundle, endowed with the Quillen metric and component (1) of the right hand side.
In a later paper [12], H. Gillet, D. Réssler, and C. Soulé proved the general statement in
higher degrees. They consider the difference term

5(y, g, hy) = ch(g.(y)) — g.(Td(Tg)(1 — R(Tgc))ch(y))

Using the anomaly formula for analytic torsion forms, they showed that d(y, g, hy) is
independent of metrics hy. Moreover, the term vanishes in the case of projective spaces
Y = P’;. For the general case, they factor ¢ into a composition

Y : s P,
g
o
B

where f is a natural projection and ¢ is a closed immersion. They consider a resolution

0—=& = &n1— ... > & = 4n—0
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by f-acyclic locally free sheaves & on P;. By the case of projective spaces, they already
know that 6(&;, f) = 0. The result for §(n, g) then follows from the equality:

m

D (=1)'5(&, f) = 6(n.9)

1=0

To prove the last equality, H. Gillet, D. Rossler, and C. Soulé use two difficult results
proved by J.M. Bismut involving closed immersions. The first result, often called arith-
metic Riemann-Roch for closed immersions [4], is an analogue of Grothendieck-Riemann-
Roch theorem for closed immersions. The second result, called Bismut immersion the-
orem (2] studies the term Y ;" (—1)"T(w, h%) — T'(w’, h") on the base. The two results
will involve singular Bott-Chern currents, a class of currents associated to the situation
0 — & — 2.m — 0 as above.

1.4 Arithmetic Riemann-Roch theorem for Adams

operations

The main reference for this section is [22].

1.4.1 ) rings and Adams operations

A )\ ring is a commutative ring, with operations A", addition and multiplication imitating
the exterior power, direct sum and tensor products of vector spaces. For example, for

vector spaces,
NV aW)ZAV)e (ANV) AL W) @ A2(W)

will be translated to A?(x +y) = A?(x) + M (2)A}(y) + A\*(y) in the ring.

Definition 12. A ) ring is a commutative ring R with operations \¥, Vk > 0, satisfying
o N =1 \(2) =12,Vz € R, \*(1) =0,Vk > 1.

Mol +y) = 250 N (@) A (y).

Me(zy) = P(AY(2), ..., \¥(2), A (y), ..., \¥(y)) for some universal polynomials Py

with integer coefficients.

M (N(x)) = Poy(N(x), ..., \*(z)) for some universal polynomials Py, with integer

coeflicients.
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Let A\(z) : R — 1+ t.R[[t] be defined as \(z) = 1+ 5,2, \¥(2)t*, where 1+ ¢.R[[{]]
is the multiplicative subgroup of the ring of formal power series R|[[¢]] consisting of power
series with coefficients 1. Put
_td)\t(:zc) /dt

=)

and

i) =) k()

k>1
Definition 13. The operations /* are called the Adams operations on the - ring R.

They are ring endomorphisms of R, and satisfy the identity 1* o ¢! = ¢*(k, 1 > 1).

1.4.2 )\ ring structure on Ky(X)

Let X be an arithmetic variety. We recall APP(Xg) is the set of real differential forms
of type (p,p) on X(C) that satisfies FiLw = (—1)Pw and we write ZPP(Xg) C APP(XR)
for the kernel of d = & + 9. We also define A(Xp) = Dps0APP(X) /(Imd + Imd) and
Z(XR) = @®p>0ZPP(Xg). We recall that the arithmetic Grothendieck group [/(\O(X ) is
generated by Z(XR) and the isometry classes of hermitian vector bundles on X, with
the relations:

e For every exact sequence & : 0 — E' - E — E" — 0, cNh(g) =FE -E+E
o Ifne AV(XR) is the sum of two elements " and 7", then n =7’ +n” in [?O(X).

Let T'(X) = Z(Xg) ® A(Xg) be a graded group where the term of degree p is ZP?(Xg) ®

AP=1P=1(XE). Tt can be endowed with a structure of a commutative graded R- algebra,
defined by the formula

(w,n) * (W', n') = (wAw,wAng +nAw + (ddn) A7)

There is then a unique A- ring structure on I'(X) such that the k-th associated Adams
operation acts by the formula ¢*(x) = Zizo kixz; where x; is the component of degree i

of the element = € I'(x). We can now endow IA(O(X ) with the structure of a A-ring:

Definition 14. Let E + 7 and E + 1 be two elements of IA(O(X), the product ® is given
by the formula

(E+n@(E +7)=EQE +|[(ch(E),n) * (ch(E),n)]
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where [] refers to the projection on the second component of I'(X). If & > 0, set
N(E +1) = A(E) + [N (ch(E), )]

where \*(E) is the k — th exterior power of E and A*(ch(E), n) is the image of (ch(E),n)
under the k-th A-operation of I'(X). H. Gillet, C. Soulé and Réssler showed that ® and
M are compatible with the defining relations of [A(O(X ), and that it endows it with the
structure of a A- ring. Its unit is Oy, since ch(Ox) = 1.

Moreover, if we denote K°(X)® the subspace of Ko(X )o consisting of elements x

such that 1*(x) = kPx for every k > 1, then the Chern character induces isomorphisms

ch: I?O(X)(p) — C/'?IP(X)Q for all p > 0

1.4.3 Bott cannibalistic classes

Let A be a A- ring. We denote by Ay, its subset of elements of finite A\- dimension (it
means \¥(a) = 0 for all k >> 0). The Bott cannibalistic class 6* is uniquely determined
by the following properties:

e For every \- ring A, 0% maps Ay, to Apyy, and the equation 0% (a +b) = 6%(a)0%(b)
holds for any a,b € Ayp,.

e The map #* is functorial with respect to A- ring morphisms.

k—1 4

e If e is an element of A-dimension 1, then 6%(e) = >~/ €.

If H = @, H, is a graded commutative group, we define ¢*(h) = > 2 k'h;, where h;
is the component of degree i of h € H. Consider the form k~"*P)Td~1(E)¢*(Td(E)),
where E is a hermitian bundle and Td(E) is viewed as an element of the group Z(Xg),
endowed with its natural grading. This form is by construction a universal polynomial in

the Chern forms ¢;(E), and we denote the associated symmetric polynomials in r = rk(E)
variables by CT*. Explicitly

Ok _ & ﬁ elt — 1 k. T;.ef

- T;.eTi ebTi — 1
1=

Definition 15. Let & : 0 - F' — E — E” — 0 be an exact sequence of hermitian

holomorphic bundles on a complex manifold. The Bott-Chern secondary class associated
to & and CT* will be denoted by 6%(&).
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Let ¢ : Y — B be projective and flat morphism of arithmetic varieties which is
smooth over the generic fibre. We also suppose that g is a local complete intersection
(l.c.i). Suppose that Y is endowed with a Kéahler metric. Let ¢ : Y — X be a regular
closed immersion into an arithmetic variety X and f : X — B be a smooth map such
that g = f o4. Endow X with a Kéhler metric and the normal bundle Ny,x with some
hermitian metric. Let ¢ be the sequence 0 — T'gc — T fc — Nx()/v(c) — 0, endowed
with the induced metrics on T'gc and T fc.

Definition 16. The arithmetic Bott class 6¥(Tg")~" of g is the element 9'“(N¥/ ) CAE)+
0 (Ny x)0*(*TF )" in Ko(Y) @7 Z[2].

The arithmetic Bott class of g can be shown to not depend on 4 or on the metrics on
X and N. Moreover, it has an inverse in Ko(Y') ®z Z[z]. When g is smooth, it is simply
the inverse of the Bott element of the dual of the relative tangent bundle Tg, endowed
with the induced metric.

1.4.4 Arithmetic Adams-Riemann Roch theorem

Theorem 1.30. Let g : Y — B be a projective and flat morphism of arithmetic varieties
that is smooth over the generic fibre. Assume also that g is local complete intersection.
For each k > 0, let Qﬁ(fqv)_l = Gk(T_gv)_l.(l + R(Tgc) — k¢®(RTgc)). Then for the
map g, : Ko(Y) &z Z[z] — Ko(B) ®z Z[3], the equality

Y (9.(y) = g.(05(Tg ) 0k (y))

holds in Ko(B) @z Z[L] for all k > 1 and y € Ky @z Z[L].
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Chapter 2

Applications to abelian schemes and

Poincaré bundles

Let (R,), F) be an arithmetic ring, and S an arithmetic variety over R. We assume
S is regular. Let m : A — S be an abelian scheme over S of relative dimension g. Let
7 : AY — S be the dual abelian scheme of A, which represents the functor Sch?®” —
Ab, T — Pic®(Ar) where Pic®(Ar) is the group of isomorphism classes of rigidified line
bundles L on Az such that L4, is algebraically equivalent to zero for any geometric
point ¢t of T. Let P be the Poincaré bundle on A x g AV, corresponding to the morphism
Id: AY — AY. We write py, py for the projections from A xg AY to A and AY, and ¢, €”
for the zero sections S — A and S — AY. We call Sy and Sy the images of € and €.
We equip the holomorphic Poincaré bundle P with the unique metric Ap such that
the canonical rigidification of P along the zero section € x Id : AY — A xg AY is an
isometry, and such that the curvature form (the first Chern form) of hp is translation
invariant along the fibres of the map A(C) x g(c) A¥(C) — AY(C). We write P := (P, hp)
for the resulting hermitian line bundle and P for the restriction of P to A xg (AV\ SY).

2.1 Existence and uniqueness of a canonical class of

currents

Our goal of this section is to prove theorem 2.3, a characterization of a canonical class
of currents on the complex points of dual abelian schemes AY(C). This class of currents
plays the role of Siegel functions on the complex torus.

Lemma 2.1. Let p,n > 2. The eigenvalues of R- endomorphisms [n]* of the Deligne-
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Beilinson cohomology R-vector space Hy'~ (AV(C), R(p)) lie in the set {1,n,n?, ..., n*P~1}.

Proof. We have the exact sequence of R— vector spaces coming from the definition of

the Delign-Beilinson cohomology as the hyper-cohomology of certain complex:
.. = H?2(AY(C),C) = HP ' (AY(C),R(p)) — H* *(AY(C),R(p))DFPH* 1(AY(C),C) — ...

Hence it is enough to prove that the action of [n], on H*~*(AY(C),K) for K = R or

2 ...,n*’711 One can show it by looking at

C has eigenvalues lying in the set {1,n,n
the action of [n]* on differential forms, or to use Leray spectral sequence and a known-
result on abelian varieties that the action of [n]* on R*7Y(C).(K) is by multiplication

by n?. O]

Lemma 2.2. Let A and B be abelian schemes over S and P4 and Pg be the Poincaré
bundles of A and B. Leti: A — B be an isogeny. Then the following formula holds in
CH (A

P (ch(Pa)) = i{py, (ch(Pp))

Proof. By property of the dual isogeny, there is a Cartesian square

. B
AxgBY 2 pyopY 2, pv
1d x ivl liv such that
Ax A 3 AV

(Id x i¥)* Py = (i x Id)* Py

Here P4 and Pg denote the Poincaré bundles of A and B. We compute

i pg (ch(Pa))

= (pB(i x Id)),(Id x i¥)*ch(P4) (Push-forward commutes with base change)
= p. (i x Id).(i x Id)*ch(Pp)

= p&.(ch(Pp) (i x Id).ch(Oaxspv))

= (deg i).pf.(ch(Pp))  (2.1)

Therefore, we have

i1V pil, (ch(Pa))

= (deg i)p3.(ch(Pa))  (iVi¥" =deg i)

*
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= (deg i).iYpE.(ch(Pg))  (Use 2.1)

Therefore,

]

Theorem 2.3. There exists a unique class of currents g4 € lN?gfl’gfl(Aﬂ\g) with the
following three properties:

a) Any element of ga is a Green current for Sy (C).

b) The identity (SY,g4) = (—1)9pa(ch(P)@ holds in CH' (AY)qg.

c¢) The identity ga = [n].ga holds for alln > 2.

Proof. Uniqueness Let g4 and g be elements of D9~1971(AY) satisfying a), b), c), and

let X4 = g% — g4 be the error term. We have the fundamental exact sequence
CHOTL(AY) Lony Jo-Lo—(4Y) & CH'(AY) S CHI(AY) = 0
where cyc,, is the composition of the following maps:
CHo O™ (AY) 5 HE™H (AR, R(g)) =775 HElL (A R(g)) = 477074 (A)

where the last map is an inclusion. By property b), K4 is contained in the kernel of the

map a, hence in
V = image(HZ (A%, R(g)) 222 B2 (AY,R(g))

Moreover, by c¢) for any n > 2,
Ka = [n.X4

By lemma 2.1, the map [n|* : V — V is injective, and is an isomorphism because
V is finite dimensional. Moreover, the projection formula [n].[n]* = n?* is valid in
H,%%;;(AH\{{,R(g)), therefore [n], also acts on V. The formula [n],[n]* = n? also shows
that the set of eigenvalues of [n], are in {n?9,n?9~1 ... n}. In particular, [n], has no fixed
point in V. From X4 = [n].K 4, we conclude K4 = 0.

Proof of existence Let g € D91971(AY) be a class of Green currents for SY. It
always exists by our discussion of Green current associated to an algebraic cycle. From

a basic property of Fourier-Mukai transform for abelian schemes, we have
(=1)%pa,s(ch(P) = S in CHY(AY)q
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By the fundamental exact sequence
CH997(X) 2oy A9-1971(Xp) % CH'(X) S CHI(X) — 0
there exists a class of forms v € A9"1971(Xg) such that
(a®Q)(a) = (Sy,8) = (=1)pa.-(ch(P))

Take g = ¢’ — «v then g satisfies a),b). Let N be a fixed integer, and define ¢ := g—[N].g.
Then Lemma 2.2 ([N] is an isogeny and [N]Y = [N] ) implies that

o~

[Nup2. (ch(P)9) = p,. (ch(P))®

This implies that ¢ is contained in the vector space V' defined above. Consider the linear
equation in V' with variable x
x— [Nz =c

We already showed that [N]. : V' — V does not have any fixed point. Hence the
above equation has a unique root, which we call ¢y. Let go = g — ¢o. The element

co is in ker(a), hence go also satisfies conditions a) and b) of the theorem. Moreover,

g0 — [N].go = (g —co) = [N].(g — co) = (9 — [N].g) — (co — [N]sco) = 0, hence [N].go = go.
We will show m.go = go for any integer m > 2. First, go—[m].go = (g—co)—[m].(g—co) =
(g — [m].g) — (co — [m]sco) € V . We have

[N].(go — [m]«g0) = [Nl].go — [m]<[N].g0 = g0 — [m].g0

Therefore go — [m].go is a fixed point of [N], in V, and it implies go = [m].go- H

2.2 A Chern class formula of Bloch and Beauville

Lemma 2.4. For k # g,

pax(ch(P)® =0
in CH (AY)q.
Proof. Take any integer n > 2. Then equation (2.1) in Lemma 2.2 for i = [n] gives
[n]" (P24 (ch(P))) = deg([n])p2.(ch(P)) = n*.ps,.(ch(P))
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Moreover, using base change and (Id x [n])*P = P,

(0] (D2, (ch(P))) = pau(Id x [0))*(ch(P)) = poch(P™") = > n*9py , (ch(P))®

k>0

Therefore, comparing equations of [n]*(ps,.(ch(P))) as polynomials in n, we get
P2 (ch(P)® =0

for all k # g. m

Let L be a symmetric, rigidified line bundle on A, and is relatively ample with
respect to S. Endow L¢ with the canonical hermitian metric Ay, which is compatible
with the rigidification and whose curvature form is translation-invariant on the fibres of
A(C) — S(C). Let L = (L, hy) be the resulting hermitian line bundle. Let ¢ : A — AY
be the polarization morphism induced by L.

Proposition 2.5. The equality
1

—— ¢r.ch(L’
deg(¢L)¢L’c( )

pai(ch(piL)ch(P)) =

holds in C/'I?I.(AV)Q.

Proof. Denote by p, and p, the projections from A xg A to each component, and p :
A x5 A — A the multiplication map. The line bundle y*L @ piLY @ p;LY on A x5 A
carries a natural rigidification on the zero section A M A Xg A and that the same
line bundle is algebraically equivalent to 0 on each geometric fibre of the morphism
p,: A xg A — A. By the universal property of the Poincaré bundle, there is a unique
morphism ¢y, : A — AV, the polarization morphism induced by L, such that there is an

isomorphism of rigidified line bundles
(Idx ¢p)"P= " Lep, L’ @ piL"

Moreover, if we endow the line bundles on both sides with their natural metrics, this
isomorphism becomes an isometry, because both line bundles carry metrics that are
compatible with the rigidification and the curvature forms of both sides are translation

invariant on the fires of the map p, (C). We have
p, . (([n] x Id).([n] x Id)*p;ch(L))
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= n%p, (pich(L))

= p, ([0 x Id)"pieh(L))  (p, = p,o ([n] x 1))

= p, @[)*ch(L))  (p,o(In] x Id) = [n]op,)

= £27*<Zl21 n? *ch(L) ) ( L is symmetric, [n]*L & f®n2).
Comparing the equations as polynomial in n, we have

b, (0ieh(D) = p, (p;ch(D)?) = /deg(1)

Moreover, let o = (,u,z_92), then

2, (ch(i'L)) = p, (oa"pich(L)) = p, (p;ch(L))

The first equality is because y1 = p el and the second equality is because « is an isomor-

phism preserving p,. Thus, we have

p, . (ch(p;L).(1d x ¢1)ch(P))
=p, ,(ch(p}L)eh(p* T)ch(p}L )pich(L))
:cAh(fv)p2 (ch(u*f)) (Projection formula)

—ch(L")p, . (p;ch(L))

=\/deg ¢, ch(L")

Therefore,
vdegor érs CA}Z(ZV)
=610, (ch(p;T).(Id x ¢L>*Eh<ﬁ>>
—=pa.(Id x ¢1).((Id x 1) pich(L).(Id x ¢1)*ch(P)) (p, 0 ¢r = (Id X ¢) 0 pa;p, = pro (Id X ¢1))
= deg ¢L.p2,*<c71<p1L>ch<P>>

and it gives the proposition. O

Theorem 2.6. The equality
(S5,84) = (—=1)%p2.u(ch(P)) = ———6,.(&1(L)")
holds in CH (AV)q.
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Proof. We already show that

if k # g. We will show that
- (-1

c 0= 2 4 (&(L)
P HP) = ()
For any n > 2, we have
L e ((T))
g'\/deg(dren) pe
1 _
= 1nl«((ncy (L))
oy/acaton) deoa AR
1

gl\/deg(or)
Moreover, for any k& > 2

[nler(L)" =~ nlu[n]"e:(D)" = n*~* ey (L)*

and in particular, for k& = g, [n],(¢,(L)?) = ¢ (L)9. Therefore, in our proof, we can
replace L by a large power of itself. Since L is relatively ample, we can assume that

m*m.L — L is surjective. Let & = m*m,L ® LY and let
By 5N (&) > ANTHE) = ... 58— Oy — 0
be the associated Koszul resolution. Let
PP:0—>P—opis"@P— ..o piN(EY)QP — ..

be the complex P ® pi(Fg)Y. All the bundles in the complex P} have natural hermitian
metrics, and let 75, be the corresponding Bott-Chern class. The equalities

—V o~ J—

ps = ch(p; Ay (E))eh(P) = &7(Z)Td ' (€)ch(P)

hold in 51?[.(14 xg AY)q, where A_l(?v) = > o= AT (&)V: the first equality is

from property of Gillet and Soulé arithmetic Chern classes, and the second equality is
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from [4]. Since rk(&) can be assumed to be arbitrarily large (since we can replace L by

some of its tensor power, and rank(m.L) = \/deg(¢r) ), we can assume that npe = 0 in
C/']TI.(A xg AY)g. Thus, we have

V

ch(pi A—1 (E))ch(P) =0

We can compute

V

P+ (ch(P)) = pa(ch(—pi A—1 (€ ))ch(P) + ch(P))
= s, *<5h<—pi A1 (') + Cangav)ch(P))

:—Z 1) pa(pich(A" (77 (L)) ch(pi L )ch(P))

—Qr

- Z )" P2 Ch (p1L )C/EL(F)]C?L(/\T(WV*W*(Z)V)) (mpy = m'py & proj. formula)

=—Z V2[R eh(P))ch(A" (x**m. (L))

7"]{:(8) 1 e B
=— ;<—1) mmw(ch@ Neh(A (7Y 1 (D))
™ 1 TV,8r T NV (T\V
= - ;H) W%[ P (ch(L™))eh(A" (w7 (D))
g V®7" ) -~ —
= - - L 29725 Neh(A (¥ *m (L)Y
;<1)¢W¢§ JNh(N (r (L))
rk(&) 1
== —-1) Lx 72072 psch (L *ch(A"(mV* (L)Y
;< ) ) morkd (; (L") ch(A( (L)")))
rk(&) 1 - R _
== ;( ) oa (o) T29¢L*(;7’ Ch(L VS eh(AT (¥ (D))
1 rk(&) L R B

- —1)r9 % v ()¢ (7w v
B deg(ﬁbL)QSL’*[rz:; ;( Y e )

The expression [n].¢;(L)* = n?~2%¢,(L)* implies that if we calculate [n], of the right

hand side of the above, we will get a polynomial in n. In particular, [n], acts as multi-
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plication by n%~2¢ on ch(L")® and
n]uch(A" (7" (L)) = ch(N (w*m[n]* (D)) = ch(A" (7o (T
Moreover,

o~

(0)upa« (ch(P)) = pa.((Id x [n)).ch(P))
= o ((Id x [n]).(Id x [n))* > n~Fch(P)®)

= o (D n*Feh(P)W)

k>0

= > n* " (pa,uch(P))®

k>0

is also a polynomial in n. Thus, we can identify the coefficients of the two polynomials.

We obtain the following: if g + k even, then

rk(&)
pa-(ch(P))®) = —mm,*@avﬂg%ﬂ?[; (=)o Eeh (A (rm(L)))]

and
pas(ch(P))® =0

if g + k is odd. Moreover, we already show that pz,*C/iL(F)(k) =0 for k # g. Thus,

rk(&)
P (ch(P)) = —mm,*[&z@%@[; (=) ch(A (5" (L))

Furthermore, the left-hand side of the expression is of pure degree ¢ in CH .(AV)@,

therefore
rk(&)
o~ ]_ ~ —v T’kéa
(P = ——— oy (@3 v ()
deg(or) ; r
The sum Z:’i(f)(—l)’"(rﬁg) = —1, and we have the theorem. O
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2.3 Arithmetic Riemann-Roch theorem and spectral

interpretation

The goal of this section is to prove Theorem 2.8, which relates the canonical class of
currents to the restriction of the Bismut-Kohler analytic torsion forms along the comple-
ment of the zero section. This is a generalization of the Kronecker’s second limit formula
in higher dimensions.

Applying the arithmetic Riemann-Roch theorem in higher degrees to the restriction

of the Poincaré bundle P = Pansy and the fibration A xg AY\ Sy — AY\ Sy (which

we also call py), we have

~ p—

ch(poP") = pau(Td(ps)(1 — R(Tps))ch(P"))

where p, . on the left hand side is the push-forward map of K- arithmetic groups, and
the right hand side is the push-forward map of arithmetic Chow groups. We have
Rkpgv*(ﬁo) = 0 for all k£ > 0. Therefore, we have

T P) = pon(TATpo) (P")) — / ch(P*)R(Tpa)Td(Tpy)

p2

in C/’E.(AV)Q. We will take component (g) of both sides. Using T'm = 7*¢*T'w and
projection formula, and Lemma 2.4, we have

[ /p 2 ch(P°)R(Tpy)Td(Tps)]9~Y
= /p 2 ch(P°)p;(R(Tm)Td(T))]¥ Y
= /p 2 ch(P°)pim*e* (R(Tm)Td(T))]) Y
= /p 2 ch(P*)psm" e (R(Tm)Td(T))| ")

= [Wv,*e*(R(Tﬂ')Td(Tﬂ))/ Ch(PO)](g—l) —0

p2
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Similarly,

[p2.(Td(Tpz)ch(P")))@
(B Td(Tm)ch(P"))|@
= [Pz*(piﬂ*e*Td(Tﬁ)c (FO)
(
(

~ =0

I
= [p2. p27rv* “Td(T Tr)ch(P))|@W
= [p2s c7z( )) (e (Td(Tm)))]@

Put everything together, we have

pa(ch(P")@ = —T(\, P")

in @.(AV \ S¢)g- Using part b) of Theorem 2.3, we have
— g+1 B’
(0, gajavonsy ) = (0, (=) T(A, P))
in C/’;I.(AV \ Sy)g- This implies that
-0\ (g—
9?4|AV((C)\SOV(<C) = (=)' T\, P )(g Y
in A9LI"L(AV\ SY).

Theorem 2.7. We have T()\,FO) = Td=Y(e*Q)y for some differential form ~ of type
(9—1,9—1) on AV \ 5.

Proof. This is a result from Kohler, see [17]. O

Theorem 2.8. (Spectral interpretation) The class of differential forms Td(e*Qa/s).T(), FO)
lies in A92971((AV \ SY)r) and the equality

galavensy© = (—~1)HTd(€Qays). TN P)
holds in AW=19-D((AY\ SY)g).

Proof. Take component g — 1 of Theorem 2.7, we see that v = (—1)9+1gA|AV(C)\SOV(C). ]
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2.4 Adams Riemann-Roch theorem and realization

from Quillen’s algebraic K; groups

Suppose A is the first Chern form of a relatively ample rigidified line bundle, endowed
with its canonical metric. Let 0 € AY(S) be an element of finite order n, such that
0*Sy = (. Our goal of this section is to prove that

g.n.Nog.o"T (A, FO) € image(reg(K1(9)))

where Ny, is 2 x the denominator of By, with By is the 2g—th Bernoulli number, and
reg is the Beilinson regulator map K;(S) — A(Sg).

Lemma 2.9. Denote by Q) the sheaf of differential Q4/s, together with a hermitian metric

coming from A. We have

Tal_l(.s*ﬁv DeQ) =1

Proof. The Bismut-Kohler analytic torsion form of the Poincare bundle along the com-
plement of the zero section does not depend on the arithmetic ring R; therefore, we can

assume R = C. Consider the relative Hodge extension
0 — R, (Q) — Hip(A)S) = R'7.(04) — 0 (2.4)

where Hjp(A/S) = R'm.(Q%)s) is the first direct image of the relative de Rham com-
plex. A relative form of GAGA gives an isomorphism of holomorphic vector bundles
Hin(A/S)(C) = (R'n(C).C) ®¢ Os(c), and using this isomorphism, we can endow
H}n(A/S)(C) with the fibrewise Hodge metric. The metric of this vector bundle is lo-
cally constant, hence its curvature vanishes. The formula for the metric on H},(A/S)(C)
shows that in the exact sequence (2.4), the L? metric on the first term corresponds to
the induced metric, and the metric on the end term is the quotient metric. In this case,
the secondary Todd class of the exact sequence is calculated explicitly in [18], in terms

of Chern classes, hence is dd°- closed. Thus we have
Td(R'7, (O, L?) ® R°m.(Q, L?)) = Td(H (A/S), Hodge metric) = 1

By Grothendieck duality, there is an isomorphism of @g-modules ¢, : Rm,04 —
Rm,(Q)V. Explicitly, it was given in terms of Lefschetz intersection form. Up to a

constant factor, ¢, induces an isometry between R'm,(Oy4,L?) and R°m.(Q, L?)V. To
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complete the proof, we note that the volume of the fibres of 7(C) is locally constant (the
the assumption on ), the natural isomorphism of vector bundles R, (€, L?) = ¢*Q is
an isometry up to a locally constant factor. Hence their Chern forms and Todd classes

are the same. N

Lemma 2.10. Let G be an abelian group, written additively. Let ¢ > 1, and let a € G.
Suppose that for all k,1 > 0 such that k = l(mod n), we have

(I°=k%).a=0
in G[35]. Then
order(a) | 2.n.c. H p
p prime ,(p,n)=1,(p—1)|c
Proof. See [19], Lemma 5.5, page 30. ]

Lemma 2.11. If ¢ is even then

2. denominator [(—1)#Bc/c] =2 H pordp(C)H]

p prime ,(p—1)|c

Proof. See Appendix of [20]. O

Theorem 2.12. Suppose X is the first Chern form of a relatively ample rigidified line
bundle, endowed with its canonical metric. Let o € AY(S) be an element of finite order
n, such that c*Sy = 0. Then

g.n.Ngg.cr*T()\,ﬁO) € image(reg(K1(S)))
where reg : K1(S) — A(Sg) is the Beilinson regulator map.

Proof. Let M be the rigidified hermitian line bundle on A corresponding to o. By
assumption, there is an isomorphism M 04 of rigidified hermitian line bundles.
Let k,l be two positive integers such that k = [ (mod n). Let Q = Q4 be the sheaf
of differentials of A/S, endowed with the metric coming from A. The Adams-Riemann

Roch theorem says that
W (M) = 7, (05(T7 )" (1 + R(Tre) — ké*(RTw¢) )W* M)
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where 7, is the push-forward map of arithmetic K-groups. The right hand side is

T 05T )" (1 + R(Trg) — ké*(RTwe) ) M|
08 (T ) F M + 05T )~ w

(R(T'mc) — k" (R(Tme)))]
= 1 05 (Tr )M + 05 (T ) M (R(Tme) — k:ng"’(R(TwC)))]
= m[0"(Tx" )M + en(0*(Tr ") ®’“><R<Tmc> ¢ (R(Trc)))]
= R*m (0" (T )" M™") — T(\, 0" (Tr ) @ M)+

/ Td(Tr)ch(0" (T )" M) (R(Tme) — ke*(R(Trc)))
The first term R*mr, (6" (ﬂv)_l

LR*7, (M®k) by projection formula. The

)Y\ "

M) = 04(e0)”
second term 7'(A Qk(ﬂv)*l R e ). The third term is equal

, QM) = ch(
to

e (Td(Tm)ch(0"(Tm))(R(T'mc) — ke* (R(T'mc))))m.ch(M )
We know 7, (ch(M ")) = 0*pa..ch(P™") = k290*py . ch(P)9) = n=29k290*[n]*py,ch(P)9) =
n=29k¥e*py .ch(P)9) = n~29k¥nm,ch(0O4) = 0. Therefore,
GH(Ro D) — (TN D)) = 0 (e Q) Rom (AT — ch(6F (e Q)T (N, D)
holds in KO(S )[%] and similarly, the identity

V(R M) —

~—

V(TN M) = 01 Q) ' Rom, (M) — ch(

01(e Q) )T\ LT
holds in Ko(S)[2].

Because 0%(e*(2) is a unit in IA(O(S)[%], multiplying both sides with 6%(e*Q), we have

O (e Q)F (RO m, ) — ch(6F (" Q)W (TN, T)) = Rom, (ML) — T(\, A1)
in Ko(S)[1]. The multiplication rule in I?O(S ) is given in Definition 14. Similarly, we
have

0" (e Q)y! (R*m. M) — ch(6' (") v! (T (A, M)

= R*m, (M) — T\, M)
in Ko(S)[7]. Because k =1[ (mod n), we obtain

0" (e y* (R m M) — ch(0* (€ Q))p™(T(X, M)

A\ M
— 6 Q) (R 3) — ch(6(e D) (T(A, 31))
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in Ko(S)[]. Moreover, using
ch(0"(eQ)) = kDT )eH(Td (eQ))
and R"m,M = 0 for all » > 0,
KITd(eQ ) (Td (€ Q) H (TN M) = 1Td(e Q)¢ (T (e0)0!(T(), M)

in }A(O(S)[é] It is shown by K&hler that T(\, M) = Td (e*Q)y, where v is a real

(9— 1,9 — 1) form on S. Moreover,

Wr(n) = k.¢"(n)
for n € A(Sg). Therefore,
R ) (Td (€Q))gH(Td™ (D) ()
= 1 Td(e Q) (Td  (eQ))¢! (Td ™ (1)) (7)
Applying Lemma 2.9,
ROTd(e Q)b (v) = 197 Td(e Q)6 ()

Moreover, ¢*(—) acts on a differential form v of type (¢—1, g—1) by sending it to k9~ 1y,
hence
E9TA(Q )y = 129Td(Q )y

or in other words

(K% —P9T(\, M) =0
in I?O(S)[%] Using Lemma 2.10 and Lemma 2.11,

29.n.Noy T(A\, M) = 0
in I?O(S). To finish the proof, there is an exact sequence

K1(S) % @,20APP(Sg) % Ko(S) = Ko(S) — 0

where p is (—2)x Beilinson regulator map. O
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2.5 The case of elliptic schemes

Suppose A is of relative dimension 1, i.e. that A is an elliptic scheme over S. Suppose
also that R = Ok and S = Spec(R). Let 0 € > be an embedding of R into C. There
exists an isomorphism of complex Lie groups, given by the Weirstrass g function and its
derivative, and a normalized map of lattices:

AC), .= (A xpr,C)(C)=C/(Z + Z.7,)

where 7, € C lies in the upper half plane. The restriction of g4v to A(C), \ {0} is an
element of A%°(A(C), \ {0}) = C>(A(C) \ {0}), the space of real-valued C*° functions
on A(C), \ {0}.

Proposition 2.13. (a) The restriction of gav to A(C), \ {0} is given by the function
¢o(2) = —2log \e’z"(z)/Qsigma(z)A(Tg)ﬁ|

(b) Endow C with its Haar measure of total measure 1. The function ¢, then define
an L' function on C/(Z + Z.7,) and the restriction of gav to A(C), is the current [¢]

associated with ¢.

Proof. (a) By Theorem 2.8, the restriction of g4v to AY(C),\{0} is given by T'(A, FOAV)(O),
where P4v is the Poincaré bundle on AY x AYY = AY x A. It is a function on A, with
values are Ray-Singer analytic torsion of Poincaré bundle along the fibre AY x A — A,
and is given by the Siegel function as in the discussion of Ray-Singer analytic torsion for
flat line bundles on the torus.

(b) First, there exists a Green form of logarithmic type 1 for the origin 0. The
function 7 is a real, C*° function on A(C), \ 0, and is locally L', hence globally L! on
A(C), because A(C), is compact. The currents gav and [n] are currents for the origin,
their difference is given by a C'*° function f on A(C),. Because [+ f]jac),\0 = [¢]ja©),\0
and n + f and ¢ are both C*, ¢ = (n + f)|a@),\o-

Corollary 2.14. The function ¢(z) satisfies the distribution relation

Z (bcr(w) = (bcr(z)

weC/(Z+Z1s),nw==z

Proof. Tt follows from distribution relation for gav,

[n]*gAv = gav
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Corollary 2.15. Let z € A(S), whose image is disjoint from the unit section, and such
that nz = 0. Let z, € C/(Z + Z.7,) be the element corresponding to z. Then the real

number
exp(24.n.¢,(2,))

1S5 an algebraic unit.

Proof. We use theorem 2.12. We calculate Ny = 24, and the theorem implies that the

real number exp(24.n.¢,(2,)) is an algebraic unit. O
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